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On the Breakup of Viscous Liquid Sheets
by Dual-Mode Linear Analysis
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The breakup of plane viscous liquid sheets moving in a gas stream has been studied. A dual-modelinear stability
analysis has been carried out under the combined in� uence of sinuous and varicose modes of disturbances at the
two liquid–gas interfaces. The effect of various parameters, such as the Reynolds number, Weber number, density
ratio, velocity ratio, and the phase angle between the two modes, on the breakup characteristics of the liquid sheets
has been investigated. At wavelengths corresponding to the dominant wavelengths for either the sinuous or the
varicose mode, the breakup of the liquid sheet occurs at full-wavelength intervals, but the breakup point shifts
between the half- and the full-wavelength when the respective dominantwavelengths corresponding to the sinuous
and the varicose modes are applied simultaneously. The breakup time decreases as the proportion of the varicose
mode is increased in the initial disturbance imposed on the liquid sheets. The breakup length (or time) decreases
with an increase in the Reynolds number, Weber number, density ratio, and velocity ratio. The sheet pro� les change
for different values of Weber number, density ratio, velocity ratio, and the phase angle between the two modes.
Comparison with experimental results shows that the present analysis is able to match the interface pro� le close
to the nozzle exit, but not further downstream where nonlinear effects are predominant.

Nomenclature
a = half-sheet thickness
k = wave number
ks = wave number for sinuous mode
kv = wave number for varicose mode
Lb = sheet breakup length
p = dimensionless pressure
Re = Reynolds number
t = time
U = velocity ratio (Ug / U`)
We = Weber number
x = spatial coordinate along x direction
y = spatial coordinate along y direction
²1 = weighting factor for sinuous mode
²2 = weighting factor for varicose mode
g = interface deformation
g 0 = initial disturbance amplitude
h = phase angle
q = density ratio ( q g / q `)
r = surface tension
w = stream function
x = complex eigenfrequency

Subscripts

g = gas phase
j = interface location (1, upper; 2, lower)
` = liquid phase

Introduction

I N many liquid atomization processes liquid is continuously
ejected from a nozzle in the form of a thin sheet. Unstable sur-

face waves develop and grow along the interface, which eventually
leads to the breakup of the sheet into a multitude of droplets of dif-
ferent sizes and velocities. Sprays are used extensively in various
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industrial applications ranging from spray cooling, drying, coating,
agriculture,chemical processes to power generationand propulsion
systems. Clearly, a sound knowledge of the sheet disintegration
process is essential for the design and operation of practical spray
systems. For gas-turbine applications, where mostly air-assist and
air-blast atomizations are employed, the liquid to be atomized is
typically in the form of a thin annular sheet. A number of previous
studies1,2 indicate that the curvature effect might be negligible, and
hence a plane liquid sheet model can be adopted in the study of the
atomization process.3 Therefore, the present work focuses on the
breakup of plane liquid sheets in a surrounding gas stream.

Previousstabilityanalysesof inviscidliquidsheets4,5 indicatethat
two independentmodes of unstablewaves exist at the liquid–gas in-
terface: an antisymmetric wave or the so-called sinuousmode and a
symmetric wave or varicosemode. The temporal instabilityanalysis
of a viscous liquid sheet6 shows that liquid viscosity introduces an
additional temporal mode, named therein as viscosity-enhancedin-
stability, which destabilizes a range of wave numbers. However, at
high Weber numbers of practical importance liquid viscosity tends
to reduce the disturbance growth rate. The absolute and spatial in-
stability have also been investigated.7 9 The absolute instability for
a plane liquid sheet only occurs at Weber numbers less than about
one, a situationunlikelyto occur under practicalconditionsin atom-
ization, although it is relevant to other applications such as coating.
It is also known that the spatial and the temporal instabilities are
related to each other by Gaster’s relation10 for liquid sheets with
large Weber numbers8; although in general Gaster’s relation is only
valid near the neutrally stable cutoff wave numbers.10 A summary
of the linear stability analysis for the liquid sheets11 shows that the
sinuous mode is more unstable, and it tends to grow faster under
practical conditions of large Weber numbers. Hence the stability
characteristics of the sinuous mode (i.e., a single-mode) has often
been used to predict the breakup characteristicsof liquid sheets and
the sizes of the subsequently formed droplets.

However, such a linear stability analysis of plane liquid sheets
subject only to the sinuous mode of disturbance fails to produce
the breakup of liquid sheets because the two liquid-gas interfaces
remain at a constant distance apart during the growth of the unsta-
ble sinuous waves. As a remedy, nonlinear stability analysis12 14

has been conducted to obtain the breakup of plane liquid sheets. A
perturbationscheme14 was used with the sinuousmode as the initial
condition of disturbance. The sheet breakup is primarily caused by
the presence of the varicose mode appearing in the second-order
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solution (the harmonic), and hence the breakup of the liquid sheet
occurs at about half-wavelength interval. The growth of the funda-
mental sinuous mode results in the large amplitude deformation of
the liquid-sheet,whereasthe harmonicvaricosemode bringsthe two
interfacesclose together causing the liquid sheet to breakup.There-
fore, even though the harmonic varicose mode has much smaller
growth rate (the second-order effect) than the fundamental sinuous
mode (the � rst-ordereffect), it is thecauseof the sheetdisintegration.
This bringsout thenecessityof investigatingthecaseof fundamental
varicose mode as the initial condition because its � rst-order effects
can dominate the breakup process. As a result, a nonlinear stability
analysis has been carried out with the varicose mode as the initial
disturbance.15 It is found that when a varicosedisturbanceis initially
applied the liquid sheet breaks up at full-wavelengthinterval in con-
trast to half-wavelength interval for an initial sinuous disturbance,
and under certain conditions of practical importance the breakup
process is dictated by the fundamentalvaricosemode rather than its
sinuous counterpart.Hence, the fundamentalvaricose mode cannot
be discarded for the study of liquid-sheet breakup process.

In reality, both the fundamental sinuous and varicose modes are
unstable,and they grow simultaneously.Thus the presentwork stud-
ies the breakup process of plane liquid sheets by applying both the
sinuousand the varicosemodes of disturbanceon the two liquid–gas
interfacesas the initial condition.As a � rst step, the breakupprocess
is investigated by means of linear stability analysis, and the details
are discussed next. An applicationof the linear theory to predict the
sheet breakup is instructive only because the breakup phenomena
are inherently nonlinear.

Analysis
Figure 1 shows a schematic diagram of a two-dimensional vis-

cous liquid sheet of uniform thickness 2a moving with a uniform
velocity U` into a surrounding inviscid and incompressiblegaseous
medium, which itself is moving with a uniform velocity of Ug .
The density of the gas and the liquid phases are q g and q ` and the
viscosity of the liquid is l .̀ Gas viscosity in general reduces the
disturbancegrowth rate, but does not alter the characteristicsof the
disturbances.9

On the liquid–gas interfaces disturbancesare present in the form
of sinuousandvaricosewaveswith a phaseangle h between them.To
simplify the presentation,physical parameters are nondimensional-
ized using the half-sheet thicknessa, the convectiontime a / U ,̀ and
the liquid density q .̀ Therefore, the initial condition for the surface
deformation g j (x , t ) can be written as

g j (x , 0) g 0[²1 cos(kx ) ( 1) j 1²2 cos(kx h )] (1)

where j 1, 2 refers to the upper and lower interface, respectively;
²1 and ²2 are the weighting factors denotinga pure sinuouswave for
²1 1 and ²2 0, and a pure varicose wave for ²1 0 and ²2 1; k
is the wave number related to the wavelength k by k 2 p / k ; and g 0

is the initial amplitudeof interfacialdisturbance.A stream-function
formulationis adoptedfor the entire � ow� eld so that the dimension-
less stream functions w and the surface deformation g j (x , t ) must

Fig. 1 Schematic of a plane liquid sheet subjected to a combination of
sinuous and varicose disturbances.

a) k = 0.7561, ²1 = 0.75, ²2 = 0.25

b) k = 0.9651, ²1 = 0.75, ²2 = 0.25

c) k = 0.9651, ²1 = 0.5, ²2 = 0.5

d) k = 0.9651, ²1 = 0.75, ²2 = 0.25

Fig. 2 Evolutionof surface deformationat the dominantwavenumber
for We = 150, Re = 2 £ 103, ½ = 0.001, U = 4, µ = 0, ´0 = 0.1.

satisfy the following linearized Navier–Stokes equation for the gas
and the liquid phases:
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and the boundary conditions applied at y ( 1) j 1 g j are

w x g j,t w y g j,x 0 (4)

w g ,x g j,t w g ,y g j,x 0 (5)
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1
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Further in the ambient gas and far away from the liquid sheet, the
effects of disturbances should remain bounded, that is,

w g and pg bounded as y (8)

In the preceding equations the Reynolds and Weber numbers and
the dimensionless velocity and density ratios are de� ned as

Fig. 3 Evolution of surface deformation for We = 150, Re = 2 £ 103,
½ = 0.001, U = 4, µ = 0, ´0 = 0.1, ²1 = 0.5, ²2 = 0.5, ks = 0.7561, and kv =
0.9651.

Fig. 4 Spatial surface deformation for We = 150, Re = 2 £ 103 , ½ =
0.001,U = 4, µ = 0, ´0 = 0.1, ks = 0.7561,kv = 0.9651,and different values
of ²1 and ²2 .

Re q `U`a / l ` We q `U
2
`a r

U Ug / U` q q g / q ` (9)

and p and pg are the dimensionless pressure in the liquid and gas
phase, respectively;and to be determinedfrom themomentumequa-
tions, thus involvingthe density ratio q in the gas-phasepressure pg .
The subscriptst , x , y representthe partialderivativeswith respectto
time and the spatial coordinatesx and y, respectively.Equations (4)
and (5) are the kinematic boundary conditions stating that the � uid
particles initially on the interfaces will remain there subsequently.
Equations (6) and (7) are the dynamic boundary conditions stating
that the shear stress at the interfaces vanishes and the difference in
the normal stress across the free surface is caused by the surface
tension effect.

Because the boundary conditions are applied at y ( 1) j 1

g j (x , t ) where g j (x , t ) is not known a priori, the stream functions
w and w g at y ( 1) j 1 g j are expanded into a Taylor series at
y ( 1) j 1 and the linearized boundary conditions become

w x g j, t g j,x 0 (10)

w g ,x g j,t U g j,x 0 (11)

(1/ Re)( w yy w x x ) 0 (12)

p pg (2/ Re) w x , y [( 1) j / We]g j,x x 0 (13)

A wave-formsolution is sought for the stream functions from the
governing Eqs. (2) and (3). With the known disturbance velocity
� eld the disturbance pressures are obtained from the momentum
equations for the gas and the liquid phases. Substitution of these

a) Re = 2 £ 102 , ks = 0.7501, kv = 1.0501

b) Re = 6 £ 103 , ks = 0.7606, kv = 0.9701

Fig. 5 Evolution of surface deformation for We = 150, ½ = 0.001, U =
4, µ = 0, ´0 = 0.1, ²1 = ²2 = 0.5.
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results into theboundaryconditionsEqs. (10–13) and (8) leads to the
followingdispersionrelationsbetween the complex eigenfrequency
x and disturbance wave number k (Ref. 16):

Sinuous:

[( x ik) 2k2 / Re]2tanh(k) (4k3 / Re2 )Sa tanh(Sa )

q ( x ikU )2 k3 / We 0 (14)

Varicose:

[( x ik) 2k2 /Re]2coth(k) (4k3 /Re2)Sa coth(Sa )

q ( x ikU)2 k3 /We 0 (15)

where Sa [k2 Re( x ik)]. From the dispersion relations
complexsolutionsof x are obtained for any given real wave number
k along with the speci� ed � ow parameters. Because the dispersion
relations cannot be solved analytically in closed form, a numerical

Fig. 6 Spatial surface deformation for We = 150, ½ = 0.001, U = 4, µ =
0, ´0 = 0.1, ²1 = ²2 = 0.5, and different values of Reynolds numbers.

procedure has been performed through Muller’s method.17 After
solving the dispersion relations, along with the initial condition for
the surfacedeformationstated in Eq. (1), the evolutionof the surface
deformation becomes

g j (x , t ) g 0[²1 cosh( x 1t ) cos( a 1t kx )

( 1) j 1²2 cosh( x 2t ) cos( a 2t kx h )] (16)

Here, x 1 and x 2 are the real part of x obtained by solving Eqs. (14)
and (15), and they represent the growth rate for the sinuous and
varicose modes, respectively; a 1 and a 2 , the imaginary part of x ,
are the correspondingangular frequency. Typical values of x 1 , x 2,
a 1, and a 2 for different � ow conditions are given in Table 1. The
wave number k appearing in two places in Eq. (16), one associated
with the sinuous mode and the other with the varicose mode, and
they are not necessarily the same. This will be discussed in details
in the following section.

Results and Discussion
Figure 2 shows the surface deformation at different time in-

stants according to Eq. (16) for the physical parameters of We
150, Re 2000, q 0.001, U 4.0, h 0, and g 0 0.1. The val-
ues of We, Re, q , and U chosen here correspond to water sheets
in air typically encountered in laboratory experiments. Figure 2 is
composed of four different cases, and each case is represented by
four difference sequences in time t as the disturbance propagates.
The wave number k 0.7561 in Fig. 2a is the dominant wave num-
ber for the sinuous mode, determined from Eq. (14). The dominant
wave number correspondsto the mode of maximum instability(i.e.,
the maximum disturbance growth rate). The proportion of the sin-
uous and the varicose disturbances initially at the two liquid–gas

a) We = 100, ks = 0.4751, kv = 0.6581

b) We = 200, ks = 1.0621, kv = 1.2611

c) We = 300, ks = 1.7002, kv = 1.8302

Fig. 7 Evolution of surface deformation for Re = 2 £ 103, ½ = 0.001,
U = 4, µ = 0, ´0 = 0.1, ²1 = ²2 = 0.5.
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Table 1 Values of !1; !2; ®1; ®2; ks , and kv for different � ow conditions.

Re We q U ks kv x 1 a 1 x 2 a 2

200 150 0.001 4.0 0.7501 1.0501 5.7030e 2 7.4631e 1 3.9126e 2 1.0378
1000 150 0.001 4.0 0.7481 0.9601 5.8507e 2 7.5089e 1 4.0756e 2 9.6110e 1
2000 150 0.001 4.0 0.7561 0.9651 5.8899e 2 7.5936e 1 4.1394e 2 9.6683e 1
3000 150 0.001 4.0 0.7561 0.9651 5.9046e 2 7.5948e 1 4.1633e 2 9.6702e 1
6000 150 0.001 4.0 0.7606 0.9701 5.9204e 2 7.6408e 1 4.1889e 2 9.7219e 1
2000 100 0.001 4.0 0.4751 0.6581 4.6210e 2 4.7816e 1 2.4176e 2 6.5906e 1
2000 200 0.001 4.0 1.0621 1.2611 7.1669e 2 1.0656 5.9016e 2 1.2635
2000 300 0.001 4.0 1.7002 1.8302 9.9060e 2 1.7039 9.3331e 2 1.8332
2000 150 0.002 4.0 1.7012 1.8337 1.4052e 1 1.7107 1.3252e 1 1.8424
2000 150 0.005 4.0 4.3879 4.4105 5.2928e 1 4.4434 5.2912e 1 4.4660
2000 150 0.008 4.0 6.9847 6.9847 1.0560 7.1214 1.0560 7.1242
2000 150 0.002 3.0 0.3080 0.4433 2.4667e 2 3.1003e 1 9.0661e 3 4.4359e 1
2000 150 0.002 6.0 2.4378 2.4963 2.2432e 1 2.4474 2.2102e 1 2.5056
2000 150 0.002 8.0 4.8005 4.8005 6.0524e 1 4.8236 6.0515e 1 4.8235

Fig. 8 Spatial surface deformation for Re = 2 £ 103 , ½ = 0.001, U = 4,
µ = 0, ´0 = 0.1, ²1 = ²2 = 0.5, and different value of Weber numbers.

interfaces are ²1 0.75 and ²2 0.25, respectively.The two inter-
faces remain almost at a constant distance apart for the majority of
time, with the sheet thinning starting at about t 95 and the sheet
breakup at t 117. Clearly, the present linear stability analysispre-
dicts the breakup of the liquid sheet. The breakup occurs at the
full-wavelength interval, similar to the breakup process caused by
the varicose mode alone.15 Figure 2b shows the surface evolution
for k 0.9651, which corresponds to the dominant wave number
for the varicose mode, determined from Eq. (15). The other physi-
cal parameters remain the same as in Fig. 2a. The breakup time and
the wave amplitude at the breakup point are reduced compared to
Fig. 2a. This shows that the varicose mode is causing the sheet to
breakup early and also to reduce the wave growth. These are more
evident in Fig. 2c, where the proportion of the varicose mode is
increased to 50% compared to 25% in Fig. 2b, keeping all other pa-
rameters unchanged.Further reduction in breakup time is observed
in Fig. 2d, where ²1 0.25 and ²2 0.75 and the wave amplitude
at the breakup is also substantially reduced. However, because of

a) ½ = 0.002, ks = 1.7012, kv = 1.8337

b) ½ = 0.005, ks = 4.3879, kv = 4.4105

c) ½ = 0.008, ks = 6.9847, kv = 6.9847

Fig. 9 Evolution of surface deformation for We = 150, Re = 2 £ 103,
U = 4, µ = 0, ´0 = 0.1, ²1 = ²2 = 0.5.

the large proportion of varicose mode the upper interface tends to
appear more wavy compared to the lower interface. As observed
earlier, the breakup occurs at a full-wavelength interval.

So far, the wave number in the present analysis has been taken
to be the same for the sinuous and the varicose mode. However,
it does not need to be the same because the sinuous and varicose
modes satisfy the linearizedgoverningequationsand boundarycon-
ditions separately and independently. In fact, for a given distur-
bance of known frequency, the correspondingwavelengths are dif-
ferent for the sinuous and varicose modes. Therefore, in general
the wave growth rate and the wave number should be different for
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Fig. 10 Spatial surface deformation for We = 150, Re = 2 £ 103 , U = 4,
µ = 0, ´0 = 0.1, ²1 = ²2 = 0.5, and different values of ½.

the two unstable modes. As a result, Eq. (16) can be rewritten as
follows:

g j (x , t ) g 0[²1 cosh( x 1t ) cos( a 1t ks x )

( 1) j 1²2 cosh( x 2t ) cos( a 2t kv x h )] (17)

where ks and kv are the wave numbers for the sinuous and varicose
modes, respectively. Figure 3 shows a typical surface evolution at
different times. The sheet breakup occurs in between the half- and
the full-wavelength interval. This result contrasts with the liquid-
sheet breakup at half-wavelength for a sinuous disturbance14,15 and
at a full wavelength for a varicose disturbance.15

To obtain a more meaningful representation of the breakup pro-
cess, the temporal instability formulation, discussed so far, is con-
verted to its spatial counterpart by using Gaster’s transformation,10

which is valid for large Weber numbers.11 Under such transforma-
tion the dimensionlesstime is equivalentto the dimensionlessspatial
distance. Figure 4 shows a typical case of interface deformation as
the liquid sheet is discharged from the nozzle. The proportionof the
sinuous and varicose modes is varied from 25 to 75%. For ²1 0.75
and ²2 0.25 the liquid sheet coming out of the nozzle has a wavy
appearance with the amplitude becoming very large close to the
breakuppoint.However,when theproportionof thevaricosemode is
increased, the breakup length (or time) is reduced because the time
available for the wave growth is shortened,and hence the amplitude
at the breakup point is also reduced.

In practice, it is desirable to know the effects of various param-
eters on the breakup length and breakup characteristics in spray
formation. Therefore, in the present study, parameters such as the
Reynolds number, Weber number, density ratio, velocity ratio, and
phase angle have been varied over a range of values in order to
study their in� uence on the liquid-sheet breakup process. Figure 5
shows the surface evolution at different Reynolds numbers while
keeping the other parameters the same as in Fig. 3. The respective
dominantwave number for the sinuousand varicosemodes, as given
in Table 1, is used. It is seen that in Fig. 5a, where Re 2 102,

a) U = 3.0, ks = 0.3080, kv = 0.4433

b) U = 6.0, ks = 2.4377, kv = 2.4963

c) U = 8.0, ks = 4.8005, kv = 4.8005

Fig. 11 Evolution of surface deformation for We = 150, Re = 2 £ 103,
½ = 0.001, µ = 0, ´0 = 0.1, ²1 = ²2 = 0.5.

the breakup occurs at t 95, compared to the breakup at t 89 in
Fig. 3 for Re 2 103 . Clearly the viscosity in this case decreases
the wave growth rate as shown in Table 1, and thereforeit takesmore
time for the liquid sheet to break up. In Fig. 5b where Re 6 103,
the breakupoccursearlier at t 88 becausein this case the damping
effect of viscosity is relatively weak compared to smaller Reynolds
numbers.However, the breakupstill occurs in between the half- and
the full-wavelengthinterval.Figure 6 shows the spatial evolutionof
the liquid sheet at differentReynoldsnumbers. It is evident that with
an increase in the Reynolds number the breakup length (or time) is
decreased,but the surface pro� les remain quite similar for the range
of Reynolds numbers investigated.

The surface evolution for different Weber numbers is shown in
Fig. 7, and the other parameters are identical to those in Fig. 3.
Again the respective dominant wave number for the two unstable
modes is used. In Fig. 7a, for We 100, the two interfaces remain
at a constant distance apart for the majority of time and eventu-
ally breaking up in between the half- and the full-wavelength at
t 153. As given in Table 1, as the Weber number is increased the
growth rate of the varicosemode increasesat a higher rate compared
to the sinuous counterpart. Therefore, the two interfaces grow to-
ward each other more rapidly, which results in shorter breakup time
and reduced wave amplitude at the sheet breakup as observed in
Figs. 7b and 7c. Similar trends have been observed in experiments
as reported by Lefebvre,18 even though only limited experimental
resultsare available for plane liquid sheets.The spatialdevelopment
of the interfacesfor differentWeber numbers is shown in Fig. 8. The
breakup length (or time) decreases with an increase in the Weber
number and also the surface pro� les change at each Weber number.

Figure 9 shows the surface evolution for different density ratios.
Figure 9a reveals that for q 0.002 the dominant wave number for
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the sinuous and varicose modes are very close to each other, result-
ing in the mutual enhancement of the one surface wave growth and
the attenuationof the other surface wave. However, the breakupstill
occurs in between thehalf- and the fullwavelengthinterval.At larger
density ratios, shown in Figs. 9b and 9c, the breakup point shifts
towards the full-wavelengthinterval. Moreover, the breakup time is
also substantially reduced because of the increased growth rate for
both unstable modes. At these density ratios not only the dominant
wave numbers for the sinuous and varicose modes become almost
the same, but also the growth rates for the two unstable modes be-
come comparable, as shown in Table 1. This causes the cancelation
of the wave growth at the lower sheet surface and strengthens the
growth at the upper surface.Figure 10 shows the correspondingspa-
tial development of the interfacial waves when the density ratio q
is varied from 0.002 to 0.008. The case for q 0.001 is shown in
Fig. 4. As discussed earlier, the breakup length (or time) decreases
with an increase in the density ratio. Moreover, the surface pro� les
are signi� cantly different for q 0.002 and higher values of q . Par-
ticularly at q 0.005 and 0.008, the upper interface appears much
like a free surface wave, and the two surface pro� les are extremely
unsymmetrical because of the superpositionand cancellationof the
sinuous and varicose waves discussed earlier.

Figure 11 shows the surface evolution at differentvelocity ratios.
It takes a long time for the liquid sheet to break up at a velocity ratio
of 3.0 as shown in Fig. 11a as compared to Fig. 11b for U 6.0. A
similar observation is also reported by Lefebvre18 for the breakup
of � at sheets in a co� owing airstream. This is because the growth
rate of the varicose mode is much smaller (almost two orders of
magnitude smaller) than the sinuous mode at the velocity ratio of
three, as given in Table 1. As a result, the sinuous mode leads to
substantial wave growth before the sheet breakup, which is caused
by the varicose mode. The wave amplitude at the breakup is sub-
stantially reduced with an increase in the surrounding gas velocity
because of a signi� cant increase in the growth rate of the varicose
mode given in Table 1. However, for U 8.0 the dominant wave

Fig. 12 Spatial surface deformation for We = 150, Re = 2 £ 103 , ½ =
0.001, µ = 0, ´0 = 0.1, ²1 = ²2 = 0.5, and different values of U.

numbers and the wave growth rates for the two unstable modes be-
come almost identical, as given in Table 1. Consequently, Fig. 11c
shows that the wave growth strengthens at the upper interface and
cancels out at the lower interface because of the superposition of
the sinuous and varicose mode. Such a phenomenon has also been
observed earlier. Figure 12 shows the spatial development of the
interfaceat differentvelocity ratios. The breakup length (or time) is
substantially reduced at a high gas velocity. The case for U 8.0,

Fig. 13 Spatial surface deformation for We = 150, Re = 2 £ 103 , ½ =
0.001,´0 = 0.1, ks = 0.7561,kv = 0.9651,²1 = ²2 = 0.5, and different phase
angle µ.
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Fig. 14 Comparison of the surface deformation obtained by the
present linear analysis with the experimental photograph at 1.12-kHz
excitation.19 We = 169.38, Re = 4729.37, ½ = 1.2 £ 10¡ 3 , U = 4.76, ks =
0.084, kv = 0.089, ²1 = 0.05, ²2 = 0.95, and ´0 = 0.6.

the upper interfaceevolution,appearsmuch like a free surfacewave,
similar to the case observed earlier for a high density ratio.

Figure 13 shows the effect of the phase angle on the surface evo-
lution. The phase angle h is varied from p /6 to p . The surface
evolution for the case h 0 is shown in Fig. 4. In all of these cases,
the sinuous mode tries to grow, which is seen by a substantial in-
crease in an amplitude further downstream from the nozzle exit,
whereas the varicose mode tends to bring the two interfaces close
together, which eventually leads to the breakup of the liquid sheet.
The breakup length (or time) remains more or less the same for
differentphase angles, but the surface pro� les change progressively
with the phase angle between the two unstable modes.

The present analysis has been compared with the experimental
resultsby Jazayeriand Li,19 and a typicalcase is shown in Fig. 14. In
the experimenta two-dimensionalnozzle was used to producea liq-
uid (water) sheet, 254 l m thick, moving with a velocity of 9.78 m/s
in a co� owing gas (air) stream of velocity46.55 m/s, and an external
acoustic excitationof 1.12-kHz frequencywas imposed on the sheet
in order to obtain a well-de� ned wave form. The � ow parameters
are We 169.38, Re 4729.37, U 4.76, and q 1.2 10 3. The
wave numbers of ks 0.084 and kv 0.089 are the respectivewave
numbers of the sinuous and varicose modes corresponding to the
disturbance frequency of 1.12 kHz. The initial amplitude of distur-
bance is taken as 0.6. Even though such a large value of the initial
amplitude does not represent a small parameter needed in the lin-
ear stability analysis, it is required in order to match experimental
results with the linear theory, as also found by Asare et al.20 It is
seen in Fig. 14 that the predicted liquid sheet remains more or less
� at for a signi� cant distance downstream of the nozzle exit (over
2.5 cm), then the waves grow very quickly with the sheet breakup
at a distance of 4.2 cm from the nozzle exit, as compared to around
4 cm shown in photograph. Even though the predicted surface de-
formation close to the nozzle exit matches with that observed in
the photograph, a large deviation occurs near the breakup point.
Such deviation for the linear theory can be attributed to the fact
that nonlinear effects become dominant near the breakup region.
The nonlinearity will slow down the growth of the sinuous mode
and decrease the wave amplitude at the breakup region, as observed
in the photograph. Therefore, it is imperative to extend the present
analysis to include the nonlinear effects in order to describe more
accurately the breakup characteristicsof the plane liquid sheets.

Conclusion
The breakupprocessof a planeviscousliquidsheet in a gas stream

has been investigatedby linear stability analysis subject to the com-
bined in� uence of sinuous and varicose modes. At a wave number
correspondingto the dominantwave numberof either the sinuousor
the varicose modes, the breakup occurs at a full-wavelength inter-
val. The sinuous mode is responsible for the development of large

amplitude deformation, whereas the varicose mode is responsible
for the breakup of the liquid sheet. The breakup time (or length)
decreaseswith an increase in the proportionof the varicose mode in
the initial disturbance.When the respectivedominantwave numbers
for the sinuous and varicose modes are applied simultaneously, the
breakup occurs between the half- and the full-wavelength interval.
However at higher density and velocity ratios, when the dominant
wave numbers and the growth rates of the two modes are compara-
ble, the breakup shifts to the full-wavelength interval. The breakup
length decreases with an increase in the Reynolds number, Weber
number, density ratio, and velocity ratio, but it remains more or less
the same at different phase angles between the two modes. These
results agree with the known experimentalobservations.Except for
different Reynolds numbers, surface pro� les are distinctly different
at each Weber number, density ratio, velocity ratio, and phase an-
gle. Comparison of the present linear theory with the experimental
results shows that the predicted surface deformation agrees favor-
ably with the experiment, but signi� cant deviation occurs near the
sheet breakup region, necessitatinga nonlinear analysis for a better
description of the sheet breakup process.
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